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Introduction
In this paper we are concerned with the existence of holomorphic functions that, under the action of certain operators, have dense images on prefixed subsets of the domain of definition. A classical interpolation theorem due to Weierstrass (see [18, Chapter 15] ) asserts that, if (a n ) is a sequence of distinct points in a domain G of the complex plane C without accumulation points in G and (b n ) ⊂ C, then there is a holomorphic function f in G such that f (a n ) = b n for all n. In particular, if we choose as (b n ) an enumeration of all complex rational numbers, one obtain a function f such that the sequence (f (a n )) is dense in C. Equivalently, if A is a subset of G that is not relatively compact, then there is a holomorphic function , holomorphic operators are introduced in this topic, see below. In this paper, we try to find an additional linear structure -not only a topological structure-in the set of functions with dense images when certain operators act on them. Let us fix the notation that will be used along this paper. Firstly, N will be the set of positive integers and N 0 = N ∪ {0}. The symbol (n k ) will stand for a strictly increasing sequence in N 0 . If A is a subset of C then A, A 0 , ∂A denote, respectively, its closure in C, its interior in C, and its boundary in the extended complex plane C ∞ := C ∪ {∞}. As usual, D is the open unit disk {z ∈ C : |z| < 1} and T = ∂D is the unit circle. If f is a complex valued function defined on a set A ⊂ C, then f A := sup z∈A |f (z)|. If G is a domain (:= nonempty, connected open subset) of C, then H(G) denotes the space of holomorphic functions on G. It becomes a completely metrizable space (hence a Baire space) when it is endowed with the compact open topology [15, pp. 238-239] . We denote by K(G) the family of compact subsets K of G such that G\K has no non-relatively compact connected components, and by K 1 (G) the subfamily of compacta K ⊂ G such that C \ K is connected. It is always possible to construct an exhaustive sequence (K n ) n of compact subsets of G -that is, n∈N0 K n = G and K n ⊂ K 0 n+1 for all n ∈ N 0contained in K(G) [10] . If (A n ) n≥0 is a sequence of subsets of G, then it is said that (A n ) n≥0 tends to ∂G provided that, given a compact subset K ⊂ C, there exists n 0 ∈ N 0 such that K ∩ A n = ∅ for all n ≥ n 0 . The symbol N RC(G) will stand for the family of all subsets of G which are not relatively compact in G.
In 1995, it was proved [5] that, if A ∈ N RC(G), then there are many functions f ∈ H(G) such that f (j) (A) = C for every j ∈ N 0 , and in 2002, this result was extended [9] by considering sums of infinite order differential operators and integral operators instead of the differential operators D j f := f (j) . In fact, it was proved that for these operators T on H(G) the set
is residual (in fact, G δ -dense). In [6] , the study of this boundary behavior on plane sets was translated to large classes of operators. Following [6], a -not necessarily linear-continuous operator T : H(G) → H(G) is a dense-image operator (in short, a DI operator) if the set M (T, A) is residual in H(G) for any A ∈ N RC(G). Hence, we can say that the topological size of M (T, A) is large for these kinds of operators.
In this paper we are interested in the algebraic size of M (T, A) , where now T is continuous and linear. Our aim is to determine when M (T, A) is large also in this sense, see below.
Assume that G ⊂ C is a simply connected domain, and denote by I the identity operator on H(G). Let (ϕ n ) ⊂ Aut (G) := {automorphisms of G} be a run-away sequence, that is, for any compact subset K ⊂ G there is m ∈ N with K ∩ ϕ m (K) = ∅. In 1995, Montes and the first author [8] showed the existence of an infinite-dimensional closed linear subspace F of H(G) such that for any f ∈ F \ {0} the set {f • ϕ n : n ∈ N} is dense in H(G). In particular, one obtains that for every prescribed set A ∈ N RC(G) there exists a subspace F as
